Abstract. We derive a mathematical model for a two-dimensional influenza viral membrane deformation due to refolding of Hemagglutinin (HA) protein.
1.
Introduction. An influenza virus first attaches to a host cell surface via a sialic acid binding site and then enters the cell by endocytosis process. In the cytoplasm of the cell, when pH-value is lowered, hemagglutinin (HA) protein anchored in the viral membrane undergoes a conformational change [7, 10, 12] . HA is a trimer of three monomers anchored in the membrane, connected to each other forming a triple-stranded α-helical coiled-coil. During conformational change, recruitment of additional residues to the coiled-coil as well as tilting of the HA-molecule take place [2, 6, 7, 16, 25, 28] . This process exerts force on the membrane. As a result, the membrane deforms. A study of pre-fusion membrane deformation is important in order to understand the fusion of two membranes, which is the key stage for virus infection and replication. Understanding the role of HA-protein in deforming membrane is useful for various purposes such as disease control and drug design.
Even though the deformation of membrane due to HA-protein is very important, few attempts have been made to mathematically study this phenomena. In [16] , it was hypothesized that the activated HA-protein can produce viral membrane dimples surrounded by a ring-like cluster of HA. They have assumed that the top of the dimple is a segment of perfect sphere connected to a funnel of a catenoid form (an axisymmetric surface with zero mean curvature). Similarly, in [17] , HA has been assumed to produce a perfect spherical top of the dimple (nipple in their terminology). In [20] , the formation of a dimple was also favored as a mechanism for membranes to make intimate contact which leads to subsequent fusion between membranes. For an axisymmetric membrane, formation of the dimple due to ringlike HA-protein cluster has been computed numerically in [29] .
In this study, we study a two-dimensional model of the viral membrane in the form of an energy functional, which incorporates energy contribution due to the bending rigidity of the membrane and the energy due to HA-protein. We provide formulas for the tension and the bending moment developed in the membrane. We derive the equilibrium shape equation of the membrane by applying force and torque balance. We obtain an analytical solution for a tensionless membrane, which is in a perfect agreement with our numerical computation. Our results confirm the dimple formation of the membrane due to HA-protein, with or without priori membrane tension. Parametric studies are also carried out, including the effect on membrane shape due to asymmetric bending moments.
The rest of the paper is organized as follows. In Section 2 we present the mathematical model. We carry out the analysis of the model in Section 3, followed by a discussion of results in Section 4. We finish the paper with a short conclusion in Section 5.
2.
Model. Since hemagglutinin (HA) protein anchored on influenza virus membrane is responsible for membrane bending required for fusion activity [24] , we consider only HA protein in our model while neglecting neuraminidase (another protein) in the viral membrane. HA is a glycoprotein which consists of a trimer with an individual monomer having HA1 and HA2 subunits [3, 12, 16, 18, 19, 25, 26, 27] . It is believed that HA1 is responsible for virus attachment to the cell surface via a sialic acid binding site and HA2 activates the fusion process. During low-pH activation (e.g., when the protein is exposed to a pH 5 environment) the hydrophobic fusion peptide, previously hidden within the trimeric stem, is projected towards viral and/or target membranes [3, 10, 16, 23] . The subsequent refolding (which includes tilting as well) of the protein exerts a force on the viral membrane.
In [16, 29] , it was assumed that these HA-protein clusters form ring-like structures and subsequently axis-symmetry was assumed as an approximation. On the other hand, it is possible that these clusters may form different structures, e.g., a linear one instead of a ring. Obviously, to thoroughly study the geometric effect of different cluster formations, one must use a three-dimensional model. In this paper, we study two-dimensional membrane deformation caused by HA-protein clusters with a linear formation as another special case.
As in [16] and [29] , we represent the net effect of the force due to the refolding of HA-trimer by a bending moment acting on the membrane. We consider a small section of the two dimensional viral membrane containing an embedded HA trimer as shown in Fig. 1(a) and its schematic representation in Fig. 1(b) . ds is the arc length of undeformed (neutral pH) membrane measured along the mid-surface. The protein molecule contains three monomers anchored in the membrane, connected to each other forming a triple-stranded α-helical coiled-coil shown by thick arrow in Fig. 1(b) and Fig. 1(c) . When the pH value is lowered, recruitment of additional residues to the coiled-coil takes place [6, 7, 16] . This results in an extension of the coiled-coils rigid rod, which exerts forces on the membrane at anchor positions and the membrane deforms, as shown in Fig. 1(c) . Let c be the curvature of the deformed membrane, c.f. Fig. 1(c) . Let m p be the bending moment per unit length exerted by HA protein at the ends of the membrane segment. To produce a curvature c of the membrane segment, the work performed by the bending moment is m p θ/2, where θ is the angle subtended by the circular curved membrane at the center of the circle and R is the corresponding radius [11, 15] . Note that θ = ds/R = cds, therefore, the work performed to produce a curvature c in the membrane segment is dw = m p cds/2.
We assume that the viral membrane is incompressible and it can resist bending. The shape of the membrane is determined by minimizing a Helfrich-type energy functional in addition to the energy induced by the protein bending moment. The energy functional takes the form
Here the first term is the Helfrich energy [14] due to the bending rigidity of the membrane. The last term is an energy contribution due to the work done by the HA protein. k b is the bending rigidity and c 0 denotes the spontaneous curvature, which takes the possible asymmetry of the bilayer into account.
3. Model Analysis. In this section, we obtain the formulas for the tension and the bending moment developed in the membrane. We also analyze the equilibrium shape of the membrane.
3.1. Tension in the membrane. Let r be the position of point particles along the membrane. Then we can express curvature c in the following form.
The energy functional can be written as
We assume δ r to be an infinitesimal virtual displacement. For two-dimensional incompressible membrane, the arc length between any two point particles along the membrane is preserved, i.e., δ(ds) = 0. This induces the energy variation
Performing integration by parts twice, we get
where n and t are the unit normal and the unit tangential vector respectively. Membrane incompressibility for a two-dimension membrane implies [22] ,
which leads to d ds
where λ is an arbitrary function. Therefore, we can add d(λ t)/ds · δ rds to (2), which gives
(5) Writing the membrane load as F = F n n + F t t, the principle of virtual displacements gives [22] 
Comparing Eq. (5) and Eq. (6), we obtain the membrane load
Let τ , σ and m be an in-plane tension, a transverse shear tension, and a bending moment developed in the membrane due to deformation, respectively. The tension exerted on a cross section of the membrane is
Therefore, the total force over an infinitesimal section of the membrane is given by
Comparing Eq. (7) and Eq. (8), we obtain
3.2. Spontaneous curvature. Spontaneous curvature c 0 is caused by asymmetry in the lipid bilayer, e.g., due to the shape of lipid molecules or imbedded proteins [5, 21] . It has been suggested, cf. [8] , that membrane fusion and fission could be a consequence of membrane re-modelling, i.e., change of spontaneous curvature by the action of protein molecules. It can be observed from (9) that the spontaneous curvature and protein induced bending moment m p have similar effects on the membrane tension. In fact, based on the force alone, one can argue that these two quantities are equivalent if the induced spontaneous curvature change is given by
In this case, the protein induced bending moment m p can be replaced by c 0,p and the total spontaneous curvature is c 0 + c 0,p . However, the energy stored in the membrane are not the same, c.f. (1) . Therefore, the mechanism for proteinmediated viral membrane fusion due to bending moment m p differs from the effect of spontaneous curvature.
Membrane torque. From the torque balance
we obtain
where C is an integrating constant. In the absence of HA-protein, we assume that the membrane takes the shape given by its spontaneous curvature c 0 , in which the bending moment m vanishes. Therefore, when m p = 0, c = c 0 and m = 0. This implies C = 0. Then Eq. (11) gives total bending moment developed in the membrane
When m p = 0, the bending moment reduces to m = k b (c − c 0 ), which is consistent with the constitutive equation showing the linear relation between bending moment and the curvature as explained in [22] . 
Equilibrium shape equation.
We now obtain the equilibrium shape equations of two dimensional membrane by performing the force and the torque balance over an infinitesimal section of the membrane. Eq. (8) can further be expanded to
Using Eq. (12) in Eq. (13), we get
In the absence of any other forces except the protein force, force balance in tangential and normal direction along with the torque balance provides us with the following equilibrium shape equations:
We now consider a membrane segment of length L as shown in Fig. 2 . Let ψ be the angle made by the tangent to the curve with a line parallel to a reference line. Then we can express the curvature as c = dψ/ds, which gives
We further assume that the reference line is parallel to the x-axis of the Cartesian coordinate system. Then Cartesian coordinates (x, y) of points in the membrane can be obtained by solving the following system of differential equations:
where (x 0 , y 0 ) is an arbitrary point fixed to correspond to the point s = 0 of the membrane. By solving Eqs. (15a)-(17b) with proper boundary conditions we get the equilibrium shape of the membrane.
3.5. Boundary conditions. To solve the shape equations, we need to impose proper boundary conditions. Total membrane arc-length is chosen sufficiently large such that the membrane remains undisturbed (i.e. parallel to reference line) at the boundaries. In this case, we get ψ(0) = ψ(L) = 0. We further assume a constant inplane tension τ = τ 0 at the boundary s = L , which depends upon the environment where the membrane is located. As we take the membrane sufficiently large so as to make s = L undisturbed, we further fix the vertical position of the membrane end s = L from the planar state by taking y = y L at s = L. Therefore, to solve the system (15)- (17) we use the following set of boundary conditions.
3.6. Bending moment due to HA-protein. At low pH values, multiple HA trimers assemble around the fusion site to perform concerted activation to synchronously release the conformational energy [19] . These assembled HA trimers can be assumed to form clusters surrounding the fusion site [1, 4, 9, 16, 30] . Moreover, fusion peptide interaction among neighboring HAs has been hypothesized to be responsible for a measurable decrease in the lateral mobility of HA after activation [13, 19] . Based on these observations, for our simple two-dimensional model, we assume that two protein groups of size r 1 and r 2 are acting at positions a − r 1 < s < a and b < s < b + r 2 , respectively with a separation b − a between them (Fig. 2) . We, therefore, assume that the bending moment m p exerted by the protein is given by
3.7. Tensionless membrane. Because of complexity of the model, to analytically understand the role of HA-protein in deforming membrane, we consider a special case. When both the in-plane tension and the transverse shear tension vanish (i.e. τ = σ = 0), we have 
where
Since m p (s) is piecewise constant, we can obtain an analytical solution by integrating Eq. (21). We first solve Eq. (21) − r 1 ) − ) = C(a − r 1 ). Imposing continuity of ψ, we have ψ((a − r 1 )
This gives ψ((a
. We now solve Eq. (21) for a − r 1 ≤ s < a with ψ(a − r 1 ) = C(a − r 1 ), which gives
Taking the limit and imposing continuity lead to ψ(a
Continuing in this manner, we obtain the following
Cs −
By imposing the boundary condition ψ(L) = 0, we determine the integration constant as
Hence the solution of Eq. (21) is given by
Clearly, in the absence of protein (i.e. M (1) and integrating, the minimum energy of the membrane is obtained as follows
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We can see that E int min is directly proportional to the bending moments M
as well as the protein sizes r 1 , r 2 . This is consistent with the results obtained in [16, 29] . The shape of the membrane can be obtained by solving (17) and the position of the membrane is given by
4. Results and Discussion. In reality, the total arc length L of the membrane segment, with both ends undisturbed (flat), depends upon the density of the activated HA trimers. Based on the fact that the contact area of a radius ∼ 25nm can have ∼ 10 dimples if all the HA molecules in this area are activated [16] , it has been estimated in [29] that the radius of circular undisturbed membrane is 20 nm. Therefore, we take L = 40 nm (the diameter of the circular membrane) for the computation of our two dimensional model. Moreover, for all computations, the bending rigidity is given as k b = 20kT as in [16, 29] where k is the Boltzman constant and T is the absolute temperature. All computations are carried out by choosing the normal human body temperature i.e. 310.15 K.
Tensionless membrane.
We first compare our numerical result with the analytical result obtained for the tensionless membrane. For this purpose, we take τ 0 = 0 Nm −1 . The numerical solution of the system (15)- (17) with boundary condition (18) is compared with the analytical one given by (25) in Fig. 3(a) for the parameter set M nm and x 0 = y 0 = y L = 0. It can clearly be seen that the two results perfectly agree with each other. We have also plotted the computed values of τ and σ in the membrane, cf. Fig. 3(b) , which shows that the membrane is indeed tensionless. Therefore, for τ 0 = 0, we have verified that τ = σ = 0 is the solution to (15)- (17). In Fig. 4 , we plot the shape of the membrane for various protein bending moments
, various protein size r 1 (= r 2 ) and various separation distance (b − a) of the two protein groups. Due to the bending moments exerted by HA protein, the membrane deforms and forms dimples, similar to the axis-symmetric case [29] . It can be seen that the height of the dimple increases with an increase in the magnitude of the bending moments, which is consistent with the result obtained in [16, 29] . It seems that there exists an optimal size of HA-protein groups to produce a maximum height of the dimple, see Fig. 4(b) . In Fig. 4(c) , the results show that the size of dimple grows as b − a decreases, i.e. two groups of protein become closer. It is worth mentioning that we obtain the circular dimple top only for a certain set of parameters. In [16, 17] , the dimple top has been assumed (hypothesized) to be a perfect spherical shape (a circular arc for two dimensional membranes). Our results show that this is not the case in general. Dimple with non-spherical top has also been obtained in [29] for the axis-symmetric case.
The energy in the entire membrane and the energy inside two protein groups against the magnitude of M 1 p (= M 2 p ) and r 1 (= r 2 ) are plotted in Fig. 5 . Energy in the entire membrane is calculated by integrating functional (1) from s = 0 to s = L and the energy inside the two protein groups is calculated by integrating from s = a to s = b. The analytical expressions for tensionless membrane are given by Eqs. (23) and (24), respectively. Both the total energy in its absolute value and the energy between two protein groups increase as the magnitude of the bending moments and the size of the protein groups increase. These results are consistent with the results obtained in [16, 29] . However, the magnitude of the energy stored in the two-dimensional membrane is less than that in axisymmetric case because of the lack of contribution from the other direction. N and r 1 = r 2 = 8 nm.
Membrane under tension.
In this section, we observe the effect of a priori in-plane tension on the shape of the membrane. We create the in-plane tension in the membrane by imposing the non-zero value of τ 0 , which is the in-plane tension at the boundary s = L. We also applied non-zero tension at the boundary s = 0, the similar results were obtained. We examine the effect of a priori in-plane tension by increasing τ 0 from 0 to 1 × 10
N, c 0 = 0, r 1 = r 2 = b − a = 8 nm, and a = 16 nm. Fig. 6(a) shows that an increase in tension in the membrane reduces the dimple height. Therefore, membrane tension opposes the formation of dimple. Our result is consistent with the experimental observation in [20] , where it was shown that membrane tension prevents dimple formation and inhibits fusion.
The distribution of in-plane tension and transverse shear tension in the membrane is shown in Figs. 6(b) and (c). For each τ 0 , the in-plane tension remains almost uniform throughout the membrane with the magnitude close to τ 0 (Fig. 6(b) ). Therefore, a priori tension is very important for the dimple formation. As shown in Fig. 6(c) , the transverse shear tension, however, is not uniform in the membrane. Instead it is distributed in a zigzag manner. In fact, it increases in the region where protein resides and decreases where the protein is absent. An increase in τ 0 has a positive effect on the transverse tension. . We now examine how the asymmetric properties of two HA-protein groups affect the shape of the membrane. In Fig. 7 , we plot the shape of the membrane for two protein groups of different sizes (i.e. r 1 = r 2 ) and bending moments (i.e. M Fig. 7(a) and the different combination of r 1 and r 2 within the range 0 to 8 nm in Fig. 7(b) . As seen in Fig. 7(a) , the dimple shape does not grow symmetrically if the two protein groups apply different bending moments. The size of the membrane dimpling is higher towards the protein group exerting bending moment of higher magnitude. A similar effect on the membrane shape can be seen due to the different size of two protein groups (See Fig. 7(b) ). When the HA-protein in the membrane form two groups of different size, the membrane forms asymmetric dimple with higher dimpling towards the protein group of larger size, as expected.
5.
Conclusion. In this paper, we study a two-dimensional model describing the bending of an influenza viral membrane due to refolding of hemagglutinin protein.
We calculate the tension and the bending moment developed in the membrane. We obtain the shape equation of the equilibrium membrane. For the tensionless membrane, we provide the explicit formulas for the membrane shape deformed by two groups of protein and the corresponding minimum energy. Our numerical and analytical solutions confirm the formation of dimple due to protein, which was hypothesized in the literature and observed experimentally. Energy and size of the membrane dimple are proportional to the bending moment exerted by the protein as well as size of the protein groups. A priori membrane tension makes it difficult for the membrane to form dimples, which is consistent with experimental observations. The dimple shape takes the asymmetric form if the two protein groups differ in size or exert different bending moments. 
